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We propose an experiment to identify the topological order of the ν = 5
2
state through a measure-
ment of the electric conductance of a mesoscopic device. Our setup is based on interfacing ν = 2, 5
2
and 3 in the same device. Its conductance can unambiguously establish or rule out the particle-hole
symmetric Pfaffian topological order, which is supported by recent thermal measurements. Addi-
tionally, it distinguishes between the Moore-Read and Anti-Pfaffian topological orders, which are
favored by numerical calculations.
Introduction. Fractional quantum Hall (FQH)
states1–4 comprise many fascinating aspects of quantum
many-body physics in an experimentally available plat-
form. These features include topological order, which
is reflected in fractional quantum numbers and statis-
tics, and topologically protected edge states.5 The lat-
ter lead to robust experimental signatures such as a per-
fectly quantized electronic Hall conductance. A special
group among the plethora of fractional quantum Hall
states are those that exhibit highly-prized non-Abelian
statistics.6–9 The strongest numerical evidences of such a
phase arise at the filling factor ν = 52 .
10–17 The nature of
this phase remains hotly debated; the leading candidates
based on numerical simulations are the celebrated Moore-
Read Pfaffian,8 and its particle-hole conjugate, known as
anti-Pfaffian.18,19
The experimental distinction between different ν = 52
states is challenging due to the similarity of their edge
structures: they feature the same charged modes and
differ only in the number of Majorana modes. The par-
ity of that number may be observed by interference mea-
surements,20–22 but a full identification of the topological
order requires measurements of the thermal Hall conduc-
tance. Ref. 23 measured the two-terminal thermal con-
ductance to be κ ≈ 52 (in units of π
2k2BT/3h; where kB , h
are the Boltzmann and Planck constants). By contrast,
the quantized values for Pfaffian and anti-Pfaffian are 72
and 32 . The measured value matches theoretical expecta-
tions for the PH-Pfaffian phase,24 which is PH invariant25
but faces theoretical challenges:26,27 It has never been
observed numerically, and its trial states become criti-
cal upon projection into a single Landau level.28–31 Sub-
sequent theoretical works argued that incomplete anti-
Pfaffian edge equilibration might also realize the mea-
sured value.32–37
More recently, thermal noise measurements Ref. 38
have further strengthened the case for PH-Pfaffian. The
latter experiments interfaced ν = 52 states with ν = 3 to
realize the PH conjugate of the standard edge between
ν = 52 and ν = 2. Observing the noise in both cases
suggests that both ‘direct’ and particle-hole conjugate
edges contain counter-propagating modes, which is the
case only for PH-Pfaffian.
In this work, we show that devices that simultaneously
contain interfaces of ν = 52 with ν = 2 and ν = 3 can
Figure 1. Our setup exemplified for the PH-Pfaffian topo-
logical order. The ν = 5
2
region is interfaced with ν = 2 and
ν = 3. The positions of the integer states are interchanged
between (a) and (b). Tunneling renormalizes the density-
density interactions between electron (black) and semion
(blue) modes to a fixed point with decoupled charge and neu-
tral (red) modes (c). The neutral mode is partially compen-
sated by the Majorana mode, leading to the same minimal
edge structure in both cases [see (d)].
provide critical information about the topological order
at ν = 52 . Specifically, we find that electric conductances
in such devices take different universal values depend-
ing on whether the edges with ν = 2 or with ν = 3 are
chiral, i.e., carry only co-propagating modes. The for-
mer includes the Moore-Read state, the latter the anti-
Pfaffian. Among the candidate topological orders, only
PH-Pfaffian features achiral edges with both ν = 2, 3 and
can therefore be identified uniquely.
In the setup of Fig. 1, a single electron mode emanates
from the source S and enters the drain D1. Consequently,
the conductance G must lie between zero and one in units
of e2/h. If it were solely determined by the bulk filling
factors, the value G = 12 would arise. We instead find
that, at zero temperature, the conductance can be ei-
ther G = 12 or G = 1 and is dictated by the nature of
the ν = 52 state. For the filling factors as in Fig. 1(a),
we predict complete transmission G = 1 for the Moore-
Read but G = 12 for PH-Pfaffian and anti-Pfaffian; in the
PH-conjugate setup of Fig. 1(b), we expect full transmis-
sion for anti-Pfaffian and G = 12 for both Moore-Read
and PH-Pfaffian. Thus, two charge measurements on




























Quantum Hall states in the half-filled first ex-
cited Landau level. The different electronic Hall con-
ductances of the ν = 52 and ν = 2 states require a specific
chiral charge mode at their interface. In addition, there
are a number nM of neutral chiral Majorana modes γi
that depend on the specific topological phase. The edge




∂xϕ[∂t − v∂x]ϕ+ i
nM∑
l=1
γl[∂t − vl∂x]γl , (1)
where s ∝ eiϕ creates a charge-e/2 semion. For the
Moore-Read state nM = 1, and the charge- and neutral-
mode velocities v, v1 have equal signs. Their signs are
opposite for both PH-Pfaffian, which has nM = 1, and
anti-Pfaffian with nM = 3. The edge theory L0 ad-
mits interactions between charge and neutral modes, e.g.,
δL1 ∝ ∂xϕγiγj or δL2 ∝ ∂xϕγj∂xγj . The scaling dimen-
sions [γ] = 12 , [s] =
1
4 , and [ϕ] = 0 imply that δL1 is
marginal and δL2 is irrelevant in the RG sense. The for-
mer may change the edge conductance, while the latter
does not affect macroscopic observables.39
For the analysis of our proposed device setups, we also
need the field theory of the hole-conjugate edge. It is
obtained by adding to Ledge a chiral mode of electrons




∂xφ[∂t − ve∂x]φ , (2)
with chirality opposite to the semion mode ϕ. The
two edge theories Le,Ledge couple via density-density




†s2. The amplitudes λj generically
contain x-dependent phase factors that cause destructive
interference. Impurities, which result in randomly vary-
ing λj(x), destroy this interference and facilitate tunnel-
ing between different edge modes.40–45 Random tunnel-
ing is relevant when the scaling dimension of γjψ
†s2 is
smaller than 3/2. For h = 0, we have [γjψ
†s2]h=0 = 2
and tunneling is irrelevant; it becomes relevant for suffi-
ciently strong interactions h > hc ≡ 6−
√
6
12 (v + ve).
18,19
To analyze the latter case, we introduce a new semion
s̃ = ψs† and a new neutral fermion ψn = ψ
†s2. These
modes counter-propagate, with the chirality of s̃ opposite
to that of s. The Gaussian terms in the action of the
composite edge correspond to kinetic terms for ψn, s̃ and
a coupling analogous to Lint, which vanishes when h =
h∗ ≡ 23 (v+ve).










When ψn, which comprises two Majoranas, and γl have
opposite chirality, pairs of counter-propagating Majo-
ranas can ‘compensate’ each other: They become local-
ized at a scale ξ and do not affect the physics at longer
wavelengths.46 The remaining |2−nM | (for opposite signs
of v, v1) or 2+nM (for equal signs) Majoranas enjoy topo-
logical protection. They may interact with the charge
mode ϕ̃ through terms such as δL1,2. However, such
couplings become irrelevant at a random edge.18,19 Con-
sequently, charge and neutral sectors decouple in all cases
pertinent here.
PH-Pfaffian. Equipped with this general framework,
we now focus on the case PH-Pfaffian in the setup of
Fig. 1. This topological order is unique in having the
same minimal edge structures when interfaced with ν =
2 and ν = 3 [as in fig. 1(d)], up to a global reversal
of chirality. This property follows from Eq. (3), which
localizes a pair of counter-propagating Majoranas and
leaves behind an unpaired one propagating oppositely to
s̃.
In Fig. 1(a), the PH-Pfaffian island is immersed in a
ν = 2 region adjacent to a ν = 3 region. We consider
the case where D1,D2,D3 are all grounded, while the
source is at a potential V . The conductance measure-
ment is then a scattering experiment, with the incom-
ing state being an electron emanating from the source.
Outgoing states must carry the electron charge either
as an electron going to D1 or two semions going to
D2. In the latter case, there must also be a Majorana
fermion going into D3 to conserve fermion parity. We
use the currents at S,D1,D2,D3 as boundary conditions
for the segment between xR/L to calculate the conduc-
tance. The current emanating from S propagates unim-
peded to xL and is carried by electrons. As such, it
is ISe = ∂tφ(xL)/2π. Similarly, the current that en-
ters D1 is ID1e = ∂tφ(xR)/2π. The currents from D3
and into D2 are carried by semions and are given by
ID2,D3qp = −∂tϕ(xL,R)/2π.
In the middle region, charge mode s̃† ∝ eiϕ̃ and neutral
mode ψn ∝ eiφn decouple. The corresponding charge
current is Ic = Ie − Iqp, and the neutral current is In =
Ie − 2Iqp. The boundary conditions are thus
Ic(xL) = I
S
e − ID2qp , In(xL) = ISe − 2ID2qp ,
Ic(xR) = I
D1
e − ID3qp , In(xR) = ID1e − 2ID3qp .
(4)
Charge conservation implies Ic(xR) = Ic(xL), but the
neutral current is sensitive to interactions at the in-
terface. In the absence of the tunneling term Ltun,
In(xL) = In(xR) and any current emanating from S flows
into D1. By contrast, when tunneling localizes one of
the Majorana modes, then In(xL) vanishes exponentially
with |xL − xR|/ξ. A neutral fermion at xR has equal
probabilities for arriving as a hole or as a particle at xL.
47
Consequently, the source current splits equally between
D1 and D2, and the conductance is G = 12 .
48–50
One may worry that the conductance might be affected
by local processes that couple the neutral and charge
modes and lead to In(xL) 6= 0. The most dangerous cou-
pling is an interaction between charge and neutral modes
of the form ∂xϕ̃e
2iφn +H.c. It is, however, irrelevant and
does not affect the conductance at low voltages.
The relation between the minimal edge structures of
3
the ν = 2, 3 interfaced with the PH-Pfaffian state im-
plies that the same result holds for the PH-conjugate
setup of Fig. 1(b) when inter-edge tunneling is strong
[see Fig. 1(d)]. It is instructive to analyze this setup
starting from the limit where the different edge modes in
Fig. 1(b) are decoupled. Then, all the current that em-
anates from S enters D2 and G = 0. When the edges are
coupled by density-density interactions only, the eigen-
modes between xL,R and D2,D3 are h-dependent lin-
ear combinations of the counter-propagating electron and
semion modes. As shown in the appendix A, there is a
flow of current from S to D1, with an h–dependent non-
universal conductance. For the h = h∗, the eigenmodes
are the charge and neutral modes, and G = 1/2. Strong
tunneling localizes one of two Majorana fermions com-
prising ψn. It thereby prohibits marginal couplings be-
tween charge and neutral sectors and enforces a universal
conductance G = 1/2.
Moore-Read and anti-Pfaffian. We now turn to
the case of a Moore-Read state in the configuration of
Fig. 2(a). Its interface with ν = 3 is described by
Eqs. (1,2,3). Crucially, the neutral fermion ψn and γ
co-propagate and cannot become localized by Eq. (3).
Instead, the primary effect of this term is to renormalize
h to h∗, thus decoupling charge and neutral modes
18,19.
We again compute the conductance using Eq. (4). With-
out tunneling, In(xL) = In(xR) and G = 1, as in the
case of PH-Pfaffian. When tunneling is allowed, a neu-
tral fermion at xR has a non-zero bare amplitude for
arriving at xL as a hole. At voltages higher than a scale
∝ |xL − xR|−1 this leads to a non-universal differen-
tial conductance. At low voltages, the bare amplitude
is renormalized. Low energy modes experience the inter-
face region as effectively a point-like. To identify possi-
ble fixed points and find the flow near them, we replace
the interface with boundary conditions for the lead vari-
ables at xR,L. The trivial fixed point is without tunneling
and G = 1 is encoded by ψn(xL) = ψn(xR).
45,48–50 The
opposite limit corresponds to ψn(xL) = ψ
†
n(xR). Here,
Eq. (4) with In(xL) = −In(xR) yields G = 13 . Analo-
gous fixed points were found in the context of ν = 2/3
in Ref. 45. The stability of these two fixed points is
determined by the relevance of the most prominent lo-
cal perturbation, the tunneling term Ltun, now acting at
one point xL ≈ xR. At the trivial fixed point, the neu-
tral fermion is expressible in terms of incoming modes
via ψn = s
2(xR)ψ
†(xL). As such, its scaling dimension is
[ψn] = 3/2, while [γ] = 1/2 as before. Consequently, this
perturbation is irrelevant, and the trivial fixed point with
G = 1 is attractive. At the non-trivial fixed point, the
neutral fermion satisfies ψ†3n = s
2(xR)ψ
†(xL) and thus
[ψn] = 1/6. Here, the perturbation is relevant, and the
fixed point is repulsive (see appendix B). Consequently,
the conductance is generically determined by the trivial
fixed point with G = 1.
The analysis of the Moore-Read state in the geome-
try of Fig. 2(b) mirrors that of the PH-Pfaffian. With-
out inter-edge coupling G = 0, while density-density
Figure 2. The same setup as in Fig. 1 for the Moore-Read
topological order. (a) The tunneling between electron mode
and Moore-Read edge is irrelevant, leading to a total trans-
mission in the limit of zero temperature, G = 1. (b) Tunnel-
ing drives the edge connected to D2,D3 to a fixed point with
decoupled charge and neutral modes and G = 1
2
.
interactions without tunneling lead to a non-universal
h-dependent conductance. Strong tunneling results in
h = h∗,
18,19 for which G = 1/2. Local perturbations
near xL are irrelevant, as for the PH-Pfaffian, and do not
modify the conductance at low voltage.
The properties of the anti-Pfaffian phase follow imme-
diately from a global PH-conjugation ν = 3 ↔ ν = 2.
Consequently, G = 12 in the geometry of Fig. 2(a) and
G = 1 for Fig. 2(b).
Island geometry. As an alternative to the geometries
of Figs. 1, 2 one may consider a ν = 52 island of size
Lx × Ly ‘floating’ on a ν = 2, 3 background, see Fig. 3
and Refs. 45 and 51. Here, the source and the drain
are connected only to integer modes. For sufficiently low
energies, the fractional island acts as a local scatterer
with transmission T (ω) and reflection R(ω) probabilities
that depend on the energy of the incident electron. When
the island is large compared to microscopic length scales,
the bare probability amplitudes R, T are renormalized.
On general grounds, we expect the existence of trivial
fixed points with either full transmission T = 1 [Fig. 3(a)]
or full reflectionR = 1 [Fig. 3(b)]. Since the leads contain
only integer modes, they do not cause renormalization,
and the island’s dimensions cut off the flow.
When examining the stability of both fixed points, we
find that for the Moore-Read and anti-Pfaffian states,
one is stable, and the other is unstable. By contrast,
both fixed points are unstable for the PH-Pfaffian, neces-
sitating the existence of an additional, non-trivial fixed
point. The qualitative behavior near the trivial fixed
points is straightforward: When tunneling along the hor-
izontal path is weak, the island exhibits discrete energy
levels with splitting ∆E ∝ 1Lx+Ly . Transmission past the
island is nearly perfect unless the energy of the scattering
electron matches one of these levels. The conductance ex-
hibits sharp dips at those energies, which broaden as the
integer modes hybridize more strongly with the island.
In the opposite limit, there is a near-perfect reflection,
and the conductance is low apart from sharp resonance
peaks. For a particular topological phase of the island,
the renormalization of tunneling determines which limit
is realized.
Consider first the case of a Moore-Read island. Near
the T = 1 fixed point, [Fig. 3(a)], Ltun contains only
4
Figure 3. The two-terminal setup with the ν = 5
2
island in the
Moore-Read phase, embedded in a ν = 2, 3 environment.(a)
The fully transmitting T = 1 fixed point is stable in the
limit Ly  Lx. (b) The fully reflecting R = 1 fixed point is
unstable in the limit Ly & ξ.
co-propagating modes. The horizontal edge is character-
ized by decoupled charge and neutral modes. This seg-
ment is governed by a stable fixed point where no charge
transfers between the electron and semion modes. For
Lx  Ly, renormalization due to the vertical edges is
effective, and the resonances sharpen at low incident en-
ergies. The transmission is thus close to unity at generic
energies. When Ly  Lx, renormalization is inefficient,
and deviations from complete transmission are signifi-
cant. The T = 1 fixed point is thus (marginally) stable
in the Moore-Read case.
In contrast, at the R = 1 fixed point, [Fig. 3(b)] the
island decouples from the ν = 2 region. Tunneling de-
scribed by Eq. (3) is strongly relevant, and two pairs of
Majorana modes localize at the scale ξ. Thus, the decou-
pling becomes unstable if Ly & ξ and the transmission
resonances broaden as the energy of the incident electron
decreases. For anti-Pfaffian, the two cases are reversed,
and R = 1 is marginally stable.
For the PH-Pfaffian case, we again start by perturbing
around the fixed point R = 1. Similar to the Moore-
Read case, tunneling is strongly relevant. It leads to
localization of a single pair of Majorana modes at the
length ξ  Ly, which destroys the fully reflecting fixed
point. The same reasoning also holds near T = 1, i.e.,
both trivial fixed points are unstable. Therefore, when
Lx, Ly  ξ, the transport must be governed by an in-
termediate, stable fixed point. Since the details of the
island drop out in this limit, we expect this fixed point
to exhibit the universal conductance G = 1/2 and no
resonances.
Non-zero temperatures. Up to this point, our anal-
ysis assumed zero temperature T = 0, where all trans-
port is fully coherent. At very low temperatures, the
results still hold with power-law corrections governed by
the leading irrelevant operators at the respective fixed
points.
When T is large enough that the dephasing length is
much shorter than the length |xR − xL| of the interface
(while still much lower than the bulk gap for delocal-
ized excitations), the system behaves like a network of
classical resistors. When dephasing is strong enough to
establish a local chemical potential at xL [see Fig. 1], the
current arriving from the source splits equally between
the arms leading to D1,D2, resulting in G = 1/2 for all
candidate states, just as the low-temperature result for
the PH-Pfaffian (see also Ref. 52, which studied a related
geometry). In principle, the temperature dependence of
G provides a way to distinguish between the coherent
and incoherent origins of G = 1/2. While in the former
case, deviations from 1/2 increase with temperature, in
the latter, they decrease. Alternatively, coherence may
be probed by incorporating an interference loop for the
integer states.
Discussion. We have proposed two experimental se-
tups where coherent charge-transport measurements can
distinguish between three classes of ν = 52 states. (i)
Those whose interfaces with ν = 2 are chiral, e.g., Moore-
Read. (ii) States that exhibit chiral interface with ν = 3,
e.g., anti-Pfaffian. (iii) The PH-Pfaffian whose interfaces
with both ν = 2, 3 are non-chiral. Within each setup,
two charge measurements can uniquely identify the class
of the state, see Tab. I. Both setups require a specific
hierarchy of length scales: The localization length ξ is to
be the shortest scale to guarantee that each edge state is
reduced to its topologically required minimum. The ther-
mal length LT ∝ 1/T must be the longest scale to ensure
coherent transport. Additionally, the island geometry re-
quires measurements for both limits of the aspect ratios
Lx  Ly and Ly  Lx, or for two configurations related
to one another by ν = 2↔ ν = 3.
Finally, the same information about the topological
order may be obtained from a setup where the ν = 2
state is substituted by ν = 0. The additional integer
edge modes add 2 units to the conductance in the setup
referred to in the second and fourth columns of Table (I).
In the same way, one can modify the system by increasing
the ν = 3 filling factor to a larger integer.
Table I. The conductance between the source S and the
drain D1 for two different sets of filling factors, with non-univ.
standing for ‘non-universal’ conductance bounded between 0
and 1.51 The last column corresponds to the setup of Fig. 3
with interchanged ν = 2 and ν = 3 states.
Fig. 2(a) Fig. 2(b) Fig. 3 Fig. 3 ( 2↔ 3 )
Moore-Read 1 1/2 1 non-univ.
PH-Pfaffian 1/2 1/2 1/2 1/2
Anti-Pfaffian 1/2 1 non-univ. 1
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Appendix A: Conductance of particle-hole conjugate setup
We now compute the conductance between the source S and the drain D1 for the setup in Fig. 1(b) (see also
Refs. 48–50). We begin with the case of density-density interactions but no tunneling. The edge theory is then
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The eigenmodes φR, φL of the composite edge are related to the underlying electron φ and semion ϕ modes via































qp . Furthermore, the drains D2 and D3 do not inject currents and thus
ID2L = 0 and I
D3
R = 0. From these conditions, we determine the semion current in the middle region Iqp and the











Thus, the conductance between the source and the drain D1 is given by G = b
2
b2+1 . For a non-interacting edge h = 0,
all of the current flows into D2 yielding the conductance G = 0.
The conductance becomes universal when random tunneling along the arms leading to D2,D3 is included [see in
Fig. 1(c) and 2(c)]. As we explained above app. B, this type of disorder can be gauged out for the half-infinite wire,
e.g., the leads at D2 and D3. Nevertheless, it still renormalizes the density-density interactions h to its fixed value
h∗ =
2
3 (ve + v). According to Eq. (A2), this amounts to b = 1 and thus G = 1/2.
Appendix B: Disordered fixed points of the anti-Pfaffian edge
We now employ the methods of Ref. 18 and 19 to analyze the disordered fixed point of a finite anti-Pfaffian edge.
Our analysis parallels the one performed in Refs. 45 for the ν = 2/3 edge. We use the setup of Fig. 2(a), where the
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anti-Pfaffian edge is the one occurring between ν = 3 and the Moore-Read state. In the outer regions x < xL and
x > xR, electron φ, semion ϕ and Majorana γ modes are decoupled, while in the middle region x ∈ [xL, xR] the two
edges are close to one another, such that tunneling and interactions are allowed. They are described by
Ltun = iλ(x)γeiφ−2iϕ + H.c., Lint = 2h∂xφ∂xϕ. (B1)
As in the main text, we define charge ϕc = φ−ϕ and neutral φn = φ− 2ϕ modes. When the disorder is relevant, i.e.,
for hbare > hc the middle region flows towards the anti-Pfaffian fixed point, where ϕc and φn modes are decoupled
(h = h∗), and the φn and Majorana modes have the same velocity v. We now define a three-component real fermion,
Ψ = (Re[eiφn ], Im[eiφn ], γ). The disordered tunneling term can be written in terms of this fermion as Ltun ∝ iΨT λ̂Ψ,
where λ̂ = Im[λ]L̂x+Re[λ]L̂y and L̂i are generators of SO(3). Then, the problem is greatly simplified by constructing
SO(3)-rotation Ψ̃(x) = Û(x)Ψ(x) such that:
• Û(x) does not change the Hamiltonian in the outer regions.
• Û(x) eliminates the tunneling in the middle region.
• Û(x) is continuous everywhere, but a single point, for definiteness at x = xR.
Similarly to Ref. 45, such a rotation can be constructed as
Û(x) =










, x ∈ [xL, xR]
Rz(β), x > xR
(B2)









≡ R−1z (α)Rx(θ)Rz(β). (B3)
In the outer regions, Û(x) preserves Ψz = γ and ∂xφn ∝ ψ†nψn ∝ ΨT L̂zΨ, the only terms that appear in the
Lagrangian density there. In the middle region, the λ-dependent rotation absorbs Ltun into the kinetic term, at the




R ≡ limε→0xR± ε. Generically,
these boundary conditions mix γ and eiφn . They greatly simplify for the specific values of θ equal to 0 or π, which








R). For these configurations, the
theory is Gaussian, and thus describes a fixed point.
Consider now a small deviation from these fixed points, i.e., θ = θ∗ + δθ. Instead of working with complicated
boundary conditions that mix γ and eiφn , it is convenient to perform an incomplete gauge transformation Ûθ∗ similar
to Eq. (B2) but with different Λ̂(x) (see also Ref. 45). We define Λ̂(x) such that it is equal to λ̂(x) everywhere except
a small vicinity of x = x0 ∈ [xL, xR]. The profile of Λ̂ around x0 has to be chosen such that the Euler decomposition
Eq. (B3) of Ûθ∗(x) gives θ∗ instead of θ (with possibly different α and β). The price for having simple boundary
conditions is a residual term left at a single point x0 when the vicinity has shrunk to a point
δLtun ∝ ivδθγ̃ sin(φ̃n)δ(x− x0). (B4)
The relevance of this perturbation determines the stability of the fixed point. Notice that the discontinuity and the
residual tunneling may be independently chosen to be anywhere in [xL, xR]. We choose the former to be at xR and
the latter at x0 ∈ (xL, xR).
1. Stability of the fixed points














(Λω) are the scaling dimensions of the Majorana fermion γ and the
neutral fermion ψn, respectively. The former is given by ∆γ = 1/2 at either fixed point. It remains to determine ∆ψn ,
which is encoded in the Green function Dn(ω) ≡ 〈φn(−ω, x0)φn(ω, x0)〉, evaluated at δθ = 0.
Precisely at the fixed point, the bosonic modes φ, ϕ that comprise φn decouple from the Majorana. They are






)(−i∂τ + vφ(x)∂x −h(x)∂x






where the density-density interaction vanishes unless x ∈ [xL, xR]. There, it is renormalized to the value h∗ as specified
in the main text. We compute Dn(ω) for the special case vφ(x) = vϕ(x) = v where the algebra simplifies considerably.
We introduce the pair of canonical bosons Θ = φ+
√
2ϕ


























are given by u(x) = v and K(x) = 1. The neutral field in this basis becomes φn = (
√
2 + 1)Θ + (
√
2 − 1)Φ.
The correlation functions that contribute to the scaling dimension of ψn are DΘ(ω) ≡ 〈Θ(−ω, x0)Θ(ω, x0)〉 and
DΦ(ω) ≡ 〈Φ(−ω, x0)Φ(ω, x0)〉. They can be separately computed by integrating Φ and Θ correspondingly.
Trivial fixed point. Near the trivial fixed point θ∗ = 0, the Green’s functions can be easily computed in complete

















































where without loss of generality, we set xR,L = ±L2 . We find that the effective ω-dependent scaling dimension of ψn




















It takes the free-fermion value 1/2 for ω → ∞; it grows with decreasing frequency and has the asymptotic value
∆0ψn(ω = 0) =
3
2 . The tunneling term is thus an irrelevant perturbation at the trivial fixed point.
Twisted fixed point. At the twisted fixed point θ∗ = π, thus the neutral field φn changes sign across xR,








R). We thus define new continuous
fields Θ̃, Φ̃ which coincide with Θ,Φ at x < xR and satisfy Θ̃ = K∗Φ and Φ̃ = K
−1
∗ Θ for x > xR. In term of these
fields, the action looks the same as Eq. (B7) with the same velocity profile and a new Luttinger parameter that takes
the values K(x < xL) = 1, K(xL < x < xR) = K∗ and K(x > xR) = K
2























































For large frequencies ω  u(x0)/L the effective scaling dimensions of ψn at the two fixed points coincide. In this
limit, the Green’s functions are dominated by short distances . u(x0)/ω around x0 and thus become insensitive
to the boundary condition at xR. By contrast, in the low-frequency limit, the effective scaling dimension becomes
∆πψn(0) =
1
6 , while ∆
0
ψn
(0) = 32 . The tunneling is thus relevant at the twisted fixed point.
Other fillings. The result obtained here can be extended to other filling factors such as ν = 2/3, where the
system’s fate is determined by the scaling dimension of the tunneling of an electron between the integer and fractional
ν = 1/3 modes. For generality, we provide an expression for the scaling dimension of the tunneling operator ei(φ−nϕ)
for a composite edge with an integer mode φ and a fractional ν = 1n mode ϕ described by an action analogous to
Eq. (B6). Taking the interaction in the region between xL and xR to be h∗ =
2nv
n+1 such that charge and neutral


























n+1v. For the ν = 2/3 case, Eqs. (B14) matches the integral forms of the same quantities derived in
Ref. 45.
2. Conductance at the fixed points
Utilizing Kubo formalism for chiral wires (see, e.g. Ref. 51), we compute the conductance between the source S
and the drain D1 as a retarded correlation function of electron currents at x < xL and x
′ > xR
G = − lim
ω→0
ω〈φ(−ω, x)φ(ω, x′)〉. (B15)
Conductance at the trivial fixed point. In the case of trivial fixed point, both φ to the left and the right of the
junction are expressed as φ = Φ + Θ. In the zero-frequency limit, the correlation function 〈ΦΘ〉 does not contribute
to the conductance. Thus 〈ΦΦ〉 and 〈ΘΘ〉 can be computed separately
lim
ω→0
ω〈φ(−ω, x)φ(ω, x′)〉 = lim
ω→0
ω [DΦ(ω, x, x
′) +DΘ(ω, x, x
′)] . (B16)
For the trivial fixed point, at small frequencies DΦ(ω, x, x
′) = DΘ(ω, x, x
′) = 12|ω| , and the expected result of unit
conductance is obtained.48–50
Conductance at the twisted fixed point. At the twisted fixed point, the field φ to the right of the junction is
expressed as φ = K∗Φ̃ +K
−1
∗ Θ̃, while to the left of the junction, it is not modified. Thus, the conductance becomes
lim
ω→0









Using the effective Luttinger parameters for the three regions, we compute DΦ̃, DΘ̃ separately and find the conductance
G = n−1n+1 . This value agrees with the simple current calculation Eq. (4) and the result found in Ref. 45 for the ν =
2
3
edge.
